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INTRODUCTION
The dual hyperbolic unit sphereH 2 0 is the set of all time-like unit vectors in the dual Lorentzian space D 3 1 with signature ( ; +; +). Dual hyperbolic spherical geometry which is studied by means of dual time-like unit vectors is analogous to real hyperbolic spherical geometry which is studied by means of real time-like unit vectors. Quaternions and split quaternions have many applications in mathematics (see [1] , [2] , [3] ). Some of the recent works include [4] , [5] . Great circle arcs on a unit sphere represented by a unit quaternion and sine and cosine rules are obtained by J. P. Ward (see [6] pp.98-102). A similar correspondence is possible with unit dual split quaternions and arcs of a dual hyperbolic spherical triangle on the dual hyperbolic unit sphereH 2 0 . The hyperbolic sine and hyperbolic cosine rules for dual and real spherical trigonometry have been well known for a long time (see [7] , [8] , [9] , [10] , [11] ). Here in this paper we obtain hyperbolic sine and hyperbolic cosine rules by means of the correspondence between arcs of the dual hyperbolic spherical triangle onH 2 0 and dual split quaternions.
PRELIMINARIES
A dual number has the form q = + " , where and are real numbers and " is the dual unit which satis…es the rules: " 6 = 0; 0" = "0 = 0; 1" = "1 = "; " 2 = 0:
The set of dual numbers is a ring denoted by D:
The Lorentzian inner product of dual vectorsÃ = r + "r ,B = s + "s is de…ned 36 HESNA KABADAYI by hÃ;Bi = hr; si + "(hr; s i + hr ; si)
where hr; si is the Lorentzian inner product of the vectors r and s in R 3 1 , (see [12] ) given by hr; si = r 1 s 1 + r 2 s 2 + r 3 s 3 A dual vectorÃ = r + "r is said to be time-like if the vector r is time-like, (resp. space-like if the vector r is space-like and light-like if the vector r is light-like). The set D 3 1 = fÃ = r + "r jr; r 2 R 3 1 g is called dual Lorentzian space. The Lorentzian cross product of dual vectorsÃ andB 2 D 3 1 is given bỹ
where r s is the Lorentzian cross product in is called past dual hyperbolic unit sphere (see [12] )., where kÃk = q hÃ;Ãi = jrj + " hr;r i jrj 2 with jrj 6 = 0: Since we work onH +2 0 in this paper without loss of generality we use H 2 0 instead of H +2 0 .
De…nition 1. Let x and y be distinct points of H n : Then x and y span a 2 dimensional time-like subspace V (x; y) of R n+1 and so
is the unique hyperbolic line of H n containing x and y. Note that L(x; y) is a branch of a hyperbola (see [13] pp. 68) (see [13] pp. 83)
is called a dual hyperbolic line of H 2 0 . Note that this is the unique dual hyperbolic line containingÃ andB. 
DUAL SPLIT QUATERNIONS AND ARCS
The elements of with the following multiplication table are called dual split quaternions (see [14] ). A dual split quaternion can be expressed as
The product rule of dual split quaternions is given as follows:
0 i 3; then the norm of Q is given as
If N Q = 1 then Q is said to be a unit dual split quaternion (see [14] ). unit dual split quaternion may be expressed as: is the measure of the dual angle corresponding to the arc) and direction are maintained. For …xedQ algebra of dual split quaternions is identical to the algebra of quaternions.
We write using to specify the geometrical correspondence, arcÃB Q = hÃ;Bi Ã B = cosh +Q sinh = cosh(' + "' ) +Q sinh(' + "' ) Therefore arcÃB + arcBC = arcÃC or arcQ + arcP = arcP Q: As a trivial consequence of the argument above we have the following theorem: 
